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Abstract. For a time-dependent harmonic oscillator we show a connection between the
integrals of classical equations of motion and the Lewis-Riesenfeld (LR) invariant, and
express the LR invariant in terms of the integrals of classical equations of motion. As
applications we find the Lr invariant for the Guth-Pi Hamiltonian and the asymptotic
form of the LR invariant for a general time-dependent harmonic oscillator.

In recent years there has been a wide application of time-dependent quantum harmonic
oscillators to quantum optics. Lewis-Riesenfeld [I] found an interesting invariant, a
conserved quantity, for a time-dependent quantum harmonic oscillator in terms of
whose eigenstates the exact evolution operator is completely determined up to time-
dependent phase factors. Since then there has been enormous research on it; sometimes
it is referred to as the Ermakov invariant [2-3}, the generalized invariant [4-10], and
the Lie algebraic method [11-13]. The Lewis-Riesenfeld (Lr) invariant plays an impor-
tant role in the evolution of time-dependent quantum harmonic oscillators. However,
the exact evolution operators for t1me-dependent quantum oscillators have been found
only for limited cases.

In this article, based on the Lie algebra so(2.1) for a t1me-dependent harmonic
oscillator, we shall show a connection between the integrals of classical equations of
motion and the Lr invariant. As applications we shall find the Lr invariant for the
Guth-Pi Hamiltonian and the asymptotic form of the Lr invariant for a general time-
dependent harmonic oscillator.

We consider a time-dependent classical harmonic oscillator of the form

H()= h(1)s p* + ho(O)pg + hs(£) 347 )
The Hamilton equations can be expressed by the vector eguation

4 (p(r))= ( k(1) -hs(t))(f’(t)) ' @

dr \g() () m(r) JA\q(?)

whose integrals of motion are formally given by
p(r))= [ j'(—kz(f) —’13(1‘)) ](P(fo))
(q(r) T ) \n w0 )Y o

=(Po(f: to) Py, zo))(p(:o)) @)
Oi(t, t)  Qolt, 10) / \ g(to)
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where T denotes time-ordered integration, and Py(to, t0)= Qolto, le) =1, P\(fa, Lo} =
Oy, 1)=0. With the choice of basis

Xa=pq Xy=1g 4

the harmonic oscillator has a Poisson-Lie structure

X;=3p"
{X1, Xa}=-2% (X1, X3} =—X; (X2, X3} =—2X;. (5)
Let us turn to the quantum harmonic oscillator with the Weyl ordering
H(t)= ()35 + (D) 3 (PG +3P) + hs(D 34 (6)

where the carets denote operators. It is well known that the quantum harmonic oscillator
has a Lie algebra so(2, 1) with the basis [5]

Li=3f"  L=3(p§+§p) Ly=3§ @)
such that
[L] . Lz] = '_21L; [L| s L;] = "ILZ [Lz y Lg] = _21L3 . (8)

There is a one-to-one map between the Poisson-Lie algebra and the Lie algebra under
the correspondence: {, } = —i[, . The quantum evolution operator is formally given
by

Ult, to) = Texp!:—i j i R () Ly, dt]. (9

o %=1

We search for the Lk invariant of the form
N 3
o= 3 &)l (10)
k=1

which should obey the equation for an invariant (in units fi=1)

=i, A@®}=0. , (11

Equation {11) can be written by a linear system of the first-order differential equations
as '

gl(f) 2]12(2') “2]11(1‘) 0 gl(f)
I g:(8) {=| hs(D) 0 =) || &A1) (12)
g3(2) 0 2h(8)  —2ha(8) S \gs(2)

and the formal solution is given by

g2(2) |=Texp hs(t) 0 —m(} |de i gxlto) |- (13)

gi1{t) J~r 28(8)  —2m(2) 0 g1{to)
g:(8) ny 0 2hs(8)  —2ha(2) g3(fo)
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By introducing the independent matrices

0 ~1 0 10 0 0 0 0
NM={0 o % No=|0 0 0 Na=|% 0 0 (14)
0 0 0 0 0 —1 01 0

we can show the connection 2N, ——iL; (k=1, 2, 3) between the LR invariant and the

quantum evolution operator.
Now the classical equations of motion for the basis of equation (4) are a linear

system of the first-order differential equations

X0\ [—25) —hs(y 0 /X
L0 = @ 0 =2 | X0 | (15)
Xs(2) 0 i) 200 J\X(0)

By introducing an unitary matrix,

0 0 2 0 0 2
C=10 -1 0 c'={0 -1 0 - (16)
2 00 : 00
we may rewrite equation (15) as
Xi(0) 2hao(t)  —2M(2) 0 Xi(#)
aC’ Xo{ey |=| () 0 = (fy |CE XoAD) |- (an
Xs( 0 2h5()  —2h(7)) \Xs(D)

The fact that

£1(0)
&:(¢)
g

satisfies the same equation for

Xi(2)
Cl| Xa(n)
Xs(8

and the uniqueness theorem for the solution to a linear system of the first-order differen-
tial equations shows explicitly a connection between the integrals of classical equations
of motion and the LR invariant. Therefore we obtain

gu) P; PoP, P} g1(to)
gt} |=C| 2P0 PoQo+Pi01 2P0, |C7'| ga(to) (18)
£(0) ot 01 0f g3t}

in terms of the integrals of motion of equation (3) for the classical harmonic oscillator.
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As an example, we apply the connection (18) to the Guth-Pi Hamiltonian [14]

3 . 3
bye™p (2”) 321§ .2 7

HO={— 1ol 22 ) oMo 224 ) — ) - 19

@ (27:) TG e TR A e 19

describing the decomposed modes of a scalar field in the expanding de Sitter universe,
where b is the size for box normalization, y is the expansion rate, k is a Fourier mode,
and A comes from the ground energy of the scalar field. The classical equation of motion

490, , 430)

¥ vy — (P —e (I + AM)g()) =0 (20)

has the integrals of motion of equation (3)

Pol, to) =g_ e3xl—m2 [(2 Nz +z di ;,(.».})J (z0) — ( 3 Jolz)+z diiz-f,,(z))N,,(zo )]

3
P\t to)=ry (%‘?) 33"’““")/2[(2 u(z)+z No(z ))( Jolzo) +f-o u(z{)))
3 d
- ('2' Jfz)+z d_J v(z))( Ni(zo) + Zo No(zo )) (21)
z
Qﬂ(t: tD) =§ e-3x(f" w/z [Jn(z) ( v(z()) + 70 o U(ZO )) ,_,(2) ( u(-’-O) + ZU u(’-O ))jl

3
Qi(t, 1) =ZJ:?' (%) e—3x(t+r°)[Ju(z)Nu(zﬂ)_Nv(z)'fu(zﬂ)]

where J, and N, are the Bessel functions of the first and second kinds, respectively, and

2 2172 . /2
_Eran” v_(9+m ) . )
X 4 x

The LR invariant for the Guth-Pi Hamiltonian can now be read out by equation (18).
As a second application, we consider a time-dependent harmonic oscillator with a
variable frequency of the general form

7
H(t)—— - +mco (z) (23)

whose classical equation of motion is

dq()

TR @’ (Dg(2)=0. (24)
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The solutions may not be found explicitly in all general cases. However, we have at
least the integrals of motion of equation (3} in an asymptotic form,

d | sin f, (@(1)+8:(1)) d

Folt, ) =5, @(1)+ 6:00)

Pi(t, o) =—m(@(2) + 6,(2)) sin [, (@(2)+8:(r)) d
Ool2, o) =cos jr (o()+8,(£)) dt

sin } (o(f) +8(H) dr
m{w(2)+ 82(0)

(25)

Ql(ts fg) =

where 8, and §, are determined by the following perturbation equations:

Si(t)=8(to) —exp (—2 f de () cot f dt"(o(t") + 8, (:")))

70 o

t 4 r
X J dt exp (2 f df'w(?’) cot J dt" (@ (i) + 6, (t")))

it L] fe

x [w(t) +83(t) cot j , df'{e(t)+ 5,(:’))] (26)

[0}

8a(1) = 82(to) —exp (—jr df e (t) tan J ar (e (") + 52(:")))

o fo

X fr dt exp (ert’m(t') tan Jl di"{w () + Ez(t”)))
y [ da(?)/dt

d* I I,

o{)+6:(5)) 2

Again the Lr invariant for the Hamiltonian of equation (23) can be read out by equation

(18).
By directly substituting

. dp(H)\’
P =200 - (2] o

)=
s=" dt a7 o
we are able to rederive a single nonlinear equation {1],
d’p(d) . , i
+a’()p(H)= . 28
Bz e (Dp() >0 (28)

Thus, equation (12) for the Lr invariant is a linear system of the first-order differential
equations corresponding to a single nonlinear equation such as equation (28).

In summary, the LR invariant of equation (10) for a time-dependent oscillator of
equation (1) based on the Lie algebra se(2, 1) is given by equation (18) explicitly in
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terms of the integrals of the classical equations of motion of equation (3). The most
prominent feature of the Lr invariant thus obtained is that we no longer need to solve the
nonlinear differential equation (28) but use instead the integrals of Elassical equations of
motion, and the method used in this paper can be readily applied to other quantum
systerns with Lie algebraic structures such as time-dependent arbitrary spin systems.
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